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Intuitively, k-currents form a linear space that includes k-dimensional oriented man-
ifolds as elements. The vector space of normal currents N +(R%) consists of cur-
rents T with finite volume and finite volume of their boundary: IM(T) + M(dT) < co.

THE FLAT METRIC

Fy(S5,T)= min IM(B)+AM(A)= sup S(w)-
S—-T=0dB+A wl|[*< A
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For O-currents: It is related to the Wasserstein—1 distance.
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The intuition for 1-currents:
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THEORETICAL RESULTS

Federer & Fleming 1960. The flat metric metrizes the weak™ convergence on normal
currents with uniformly bounded mass and boundary mass:

F\(T,T;) — 0 ifand only if T; =~ T, i.e., T;(w) — T(w), for all w € CX(R%; AFRY).

Proposition. Let S ¢ Nk)Z,(Rl), T e Nk,X(Rd) be normal currents. Assume gg: Z —
X Is smooth in z with uniformly bounded derivative and locally Lipschitz in 6. Then,
the map 6 — IF/\(g@ﬁS, T) is Lipschitz continuous on any compact parameter set ©.
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Solving the above optimization problem yields a generator ggp which behaves equiv-

ariantly to the specified tangent vectors.
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T € Ny +(R%) it. 500 it. 1000 it. 2000 T €N, »(R%) it. 500 it. 1000 it. 2000

lllustration on a simple dataset in 2D:
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GEOMETRIC MEASURE THEORY CHEAT SHEET & REFERENCES

- k-vectors and k-covectors. AR“ is a vector space in which some of the elements describe oriented, k-dimensional
planes in R?. These are called simple k-vectors: v; A... A v,. The dual space (k-covectors) is A*R?.

o If v and w are simple, then we have (v A... Av,w  A... Awy) =det(VTW).

- A differential form is a k-covector field v : R* — A*R“. k-currents are the dual space of smooth, compact k-forms.
*||lv]] = supy, <1 (v, w). Area of the k-dim. parallelotope spanned by the {v;} if v =v; A... A ;.

* The mass M(T) = sup,.<; T'(w) is the k-dimensional volume of the k-current T.

« Boundary: JT(w) = T(dw), where d is the exterior derivative (in R°: grad — curl — div)

- Orientation: Continuous k-vector map t,,: M — A R?, 1,,(z) is simple with unit norm, spanning T, M for all z € M.
- Stokes’ theorem: fM<da) Ty ) dHK = faM(a) 7o) dH*L, it follows that [ M] = [ M]].

- Pullback: (g*w, v, A... Avy) ={wog, Vg v A... AVg 1), pushforward: ¢,T(w)= T(g*w).
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